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Abstract. The paper is concerned with cohomology of the small quantum 
group at a root of unity, and of its upper triangular subalgebra, with coefficients 
in a tilting module. It turns out to be related to irreducible objects in the 
heart of a certain t-structure on the derived category of equivariant coherent 
sheaves on the Springer resolution, and to equivariant coherent IC sheaves on 
the nil-cone. The support of the cohomology is described in terms of cells 
in afHne Weyl groups. The basis in the Grothendieck group provided by the 
cohomology modules is shown to coincide with the Kazhdan-Lusztig basis, as 
predicted by J. Humphreys and V. Ostrik. 

The proof is based on the results of [ABG], [AB] and [B], which allow us 
to reduce the question to purity of IC sheaves on afhne flag varieties. 
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1. Introduction. 

1.1. Quantum groups, tilting modules and cohomology. Let G be a semi- 
simple complex algebraic group of adjoint type, A'' C S C G be a maximal unipotent 
and a Borcl subgroups, and n C b C g be the corresponding Lie algebras. Let TV C 
be the nilpotent cone, let Af = T*{G/B) = G Xb n = {{gB,x) \ x e Ad(g){n)} 
and let TT : TV" TV be the Springer-Grothcndicck map. For an algebraic group 
H acting on an algebraic variety X wc let Coh^{X) denote the category of H- 
equivariant coherent sheaves on X, and D^{X) — D^{Coh^{X)) be the bounded 
derived category. 

Let (7 £ C be a primitive root of unity of order /. Wc assume that I is odd, and 
prime to 3 if g has a factor of type G2; and also that I is greater than the Coxeter 
number. Let be the Lusztig quantum enveloping algebra [Lq]. We have finite 
dimensional subalgcbras 6q C ?iq C Uq, where Uq is the so-called "small quantum 
group" , and bq C Uq is the upper triangular subalgebra. 

For an augmented C-algcbra A we write H*{A) = ExtA(C, C), and H*{A, M) = 
Ext^(C, M) for an A module M; thus H*{A) is a graded associative algebra, and 
H' (A, M) is a graded module over this algebra. 

We consider the category Uq-mod of finite dimensional graded Uq modules; we 
let [)q-mod^ c \Jq-mod be the block of the trivial module, see, e.g., [ABG], §3.4 (cf. 
also [AG], §1.2). 

According to [GK] we have H'{uq) = 0{N). Thus for a Uq module M we get 
an H*{uq) = 0{N) module H{M) = H*{uq, M). Moreover, it is explained in [GK] 
that if M is an Uq module then the graded 0(TV) module H{M) is G-equivariant, 
thus we get a functor H : U,-mod Coh^'''^"^ (Af), H{M) = H'{M), where the 
multiplicative group Gm acts on J\f hy t : x ^ x. 

In this paper we provide a reasonably explicit description of H{M) when Af is a 
tilting object of Uq-mod". To state this description we have to recall the category 
VCoh of G-equivariant coherent perverse sheaves on TV with respect to the middle 
perversity, see [Blj. It is the heart of a certain i-structure on D'^{M). For each 
pair (O, C) where O C TV is a G orbit, and C is an irreducible G-equivariant vcc;tor 
bundle on O there is a unique irreducible object ICo,c supported on the closure of 
O, and satisfying /Go,£|o = these are all of the irreducible objects of 

VCoh. We will prove the following 

Theorem 1. Let T be an indecomposable tilting object of \)q-mod^ . Then either 
HiT) = 0, or there exists a(n obviously unique) pair {Ot,^t) as above, such that 
we have an isomorphism of G-equivariant 0{Af) modules H{T) = r{IGoT,CT); 
here F = _RT denotes the total cohomology (derived global sections) functor. 

i 

See Corollary 2 in section 3.2 for a more precise statement. The latter implies, 
via a result of [B], a conjecture of J. Humphreys (proved for type A in Ostrik's 
thesis, see [01]), which describes the support of H{T) in terms of 2-sided cells in 
the affine Weyl group (Corollary 3 in section 3.2). Our results also yield some 
conjectures by V. Ostrik, see Remark 8. These applications have partly motivated 
the present work. 

In fact, the above statements will be derived from the following stronger results. 
First of all, besides of the objects H{T) G Coh^{J\f) we will also describe (though 
somewhat less explicitly) the objects HiT) G Coh'^{M) carrying more information. 
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These are defined as follows. By [GK] we have H*(bq) = 0(n) = Sym{n*); thus for 
a bq module M we get an 0{n) module H*(bq, M). If M is equipped with an action 
of the Borel subalgebra Bq c then the 0(n) module H*{bq,M) is equivariant 
with respect to the adjoint action of the Lie algebra b. If M is one dimensional, 
an explicit calcidation (see [GK]) shows that this module is locally finite; it follows 
that the same is true for any complex M of Bg modules whose cohomology is 
finite dimensional. Thus for such M the n action on H*{bq,M) integrates to an 
action of the algebraic group TV: furthermore, if M admits a grading by weights 
compatible with the B^ action, then the action of b integrates to an action of B, so 
we get a functor from the bounded derived category of finite dimensional graded 
Bg modules to Coh^{n). Composing it with the restriction functor from Ug to Bg 
we get a functor H : Uq-mod Coh^{n) = Coh'~^{J\f), where the last equivalence 
is the induction functor, inverse to ^ J^\n (recall that TV" = G n). 

The description of H{T) for a tilting object T e Uq-modP is as follows. We 
define a f-structure on the bounded derived categories D'-'^'^"*{M), D'^{J\f), which 
we call the exotic t-structure; we call objects of its heart exotic sheaves. We prove 
that the sheaves H{T), where T is an indecomposable tilting object of Uq-mod°, 
are precisely the cohomology sheaves of irreducible exotic sheaves. It turns out that 
for an irreducible exotic sheaf E the object i?7r* {E) is either zero, or isomorphic to 
ICox some {0,C). This allows one to deduce Theorem 1. 

Actually, all the above results about cohomology of Ug modules will be deduced 
from stronger statements involving isomorphisms of objects in the derived category 
of coherent sheaves. To state the latter we recall that (the first part of) [ABG] 
provides a triangulated hmctor \1/ : D*-^^*^™ (A/") — > D^{\}q-mod^) which is "almost 
an equivalence" (see (18) below for a precise statement), here acts on M by 
t:{gB,x)^{gB,t'x). 

The following statement is the central point of the present paper, see Theorem 
3 below for a more precise statement. 

Theorem 2. For any irreducible exotic sheaf E G D'^'^^™-{M) we have ^{E) = 
T[n] for some indecomposable tilting object T G \}q-mod^ and n G Z. Every inde- 
composable tilting T G \}q-mod^ has the form ^{E) for a unique irreducible exotic 
sheaf E G D^'''^">{M). 

This will be deduced from purity of irreducible perverse sheaves on the affine 
flag variety for the Langlands dual group via results of [AB]. 

1.2. Koszul duality conjecture. In this section we attempt to explain the origin 
of our method. 

To clarify the idea behind the argument we gather together various functors, 
some of which are used in this paper: 



D\V,ph) = D\\]q-mod^) ^ DGCoh°{M) D^^^-{Af) D^iSf) ^ D\Vasph) 

(I) (II) (V) 

Here D''{Psph) (where "sph" stands for "spherical") is the category of perverse 
sheaves on the affine Grassmannian for the Langlands dual group G' smooth along 
the Schubert stratification; the equivalence (I) is defined in [ABG]. Unlike the other 
functors appearing above, this equivalence comes from an equivalence of abelian 
categories. Neither (I), nor the category Vgph are used in the present paper, they 



4 



ROMAN BEZRUKAVNIKOV 



are mentioned here to clarify the picture; thus we will use only the first, "algebraic" 
part of [ABG]. 

The equivalence (II) is also introduced in [ABG]. The category DGCoh^ (Af) 
here is the (derived) category of DG modules over a certain DG algebra with zero 
differential, such that the category of modules over its cohomology algebra is natu- 
rally identified with Coh'^(JV). We do not go into details here, referring the inter- 
ested reader to [ABG]. Instead we use the composition of functors (III) and (II). We 
remark that providing the composite functor D'^^'^'^{Af) D^{Uq-mo(f) satisfy- 
ing properties (17), (18) below is essentially equivalent to providing the equivalence 
(II). 

(IV) is the forgetful functor, restricting the equivariance from G x to G. 

Finally, D^{Vasph) (where "asph" stands for "anti-spherical") is a certain cate- 
gory of perverse sheaves on the afBne flag variety of the Langlands dual group G", 
and (V) is proved in [AB] (see section 4 below for more details). This equivalence 
will be used in order to deduce the key Positivity Lemma (Lemma 9 in section 2.5) 
below from purity for perverse sheaves on the affinc flag variety. 

The shortest (though, perhaps, the least elementary) description of the exotic 
t-structure on D'^{J\f) is as follows: it is the transport of the tautological t-structure 
on D^{Vasph) by means of the equivalence (V); the exotic t-structure on D*^^'^" (A/") 
is then the unique t-structure compatible with the exotic i-structure on D^(M). 
Thus an irreducible exotic sheaf goes to an irreducible object of D^{Va,sph) under 
the composition (V)o(IV). Comparing this with Theorem 2 wo discover a relation 
between tilting objects in Vasph and irreducible objects in Vsph- This motivates the 
following conjecture, which inspired the methods of the present work. 

To state the conjectiuc we need the following concept. We will say that two 
abelian categories A and B are derived Koszul equivalent if there exist graded 
versions^ A^^ , B^^ and an equivalence of derived categories k : D^{A^^) = D^{B^^), 
which satisfies k(M(1)) = k(M)(1)[1], where M M{1) is the shift of grading 
functor. The interested reader is referred to [BGS] for examples and comments. 

Conjecture. The category of perverse sheaves on the affine flag variety of a 
semi-simple group, which are smooth along the Schubert stratification is derived 
Koszul equivalent to itself; the corresponding equivalence interchanges irreducible 
and tilting objects. There exists also a parabolic - singular version ( in the sense of 
[BGS]^ of this duality, whose particular case is a derived Koszul equivalence between 
Vsph and Vasph! the corresponding equivalence interchanges tilting and irreducible 
objects. 

This Conjecture is an affine analogue of the main results of [S], [BGS], or rather 
of a variant of the latter provided by [BG]. 

In fact, existence of the derived Koszul equivalence between Vsph and Vasph 
sending irreducibles to tiltings follows from the above mentioned results of [AB], 
[ABG], and the present paper. It is also plausible that the first part of the conjecture 
can be proven by the methods of [S] complemented by the gcxmietric counterpart of 
translation functors. The latter is a certain collection of exact endofunctors of the 
category of unipotently monodromic perverse sheaves on the basic affine space of a 
Kac-Moody group, which in the case of a finite dimensional group reduces to the 



^See, e.g., [BGS], §4.3 for the definition. 
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usual reflection functors. They can be defined as convolution with tilting sheaves 
(of. [BG], Theorem 6.10); some other constructions will appear in a forthcoming 
paper by I. Mirkovic. 

Finally, let us mention that the exotic f-structure on the derived category of 
coherent sheaves on N appears in some other contexts, e.g., it is related to the 
t-structurcs appearing in [BMR], and, conjecturally,^ to modules over the affine Lie 
algebra on the critical level studied by Frenkel and Gaitsgory, cf. [FG]. 

1.3. Plan of the paper. In section 2, after some preliminaries about mutations 
of exceptional sets and i-structures defined by generating exceptional sets, we de- 
fine the exotic f-structure on D^{M), D^^'^"'{Af); we also relate it to the middle 
perversity t-structure on D'^'(M). Wc finish the section by stating the Positivity 
Lemma. In section 3, modules over the quantum group at a root of unity appear: 
we recall the results of [ABG] which relate their derived category to D'^^'^"*{Jv). 
We then use the Positivity Lemma to show that a functor constructed in [ABG] 
sends irreducible exotic sheaves to tilting modules over a quantum group (up to 
a homological shift). In section 4 we recall from [AB] the equivalence between 
D^{M) and a certain derived category of perverse sheaves on the affine flag variety 
for the Langlands dual group. It sends irreducible exotic sheaves to irreducible 
perverse sheaves, and the grading on Hom spaces coming from the Gm-equivariant 
structure is related to Frobcnius weights. This allows to deduce Positivity Lemma 
from purity of irreducible perverse sheaves (see also Remark 6 in section 2.5). 

1.4. Notations. Fix an algebraically closed ground field k of characteristic zero. 

1.4.1. Notations related to G. G is a semi-simple algebraic group; in section 3 it 
will be assumed to be adjoint. The Springer map tt : A/" — > A/" was recalled above. 

Let A be the weight lattice of G, A+ c A be the set of dominant weights and 
i?"*" C A be the subsemigroup (with zero) generated by positive roots. We have the 
standard partial order on A, A ^ /x if /it — A e i?"*". 

For A € A+ we let Vx be the corresponding irreducible representation of G or of 
the Lie algebra g. We let Wf be the Weyl group of G, and W = Wf k A be the 
extended affine Weyl group. Let £ : W ^ Z>o be the length function. For A G A 
let 5x denote the minimal length of an element w G Wf such that w(A) e A+. 

1.4.2. Notations for triangulated categories. For a triangulated category D and 
A,y e S we will use the notation Hom"(X,y) = Rom{X,Y[n\), Rom'{X,Y) = 

Hom(A,r[n]). 

For a set S of objects in D we will denote hy <^ S ^ the full triangulated 
subcategory generated by S; and by (S) the full subcategory generated by S under 
extensions. Thus <C S' ^ is the smallest strictly full triangulated subcategory of 
D containing S; and (S) is the smallest strictly full subcategory containing S and 
closed under extensions (we say that C C S is closed under extensions if for any 
X,Y eC and any exact triangle X ^ Z ^ Y ^ X[l] wc have Z eTi). 

If C C S is a full triangulated subcategory we can form the quotient triangulated 
category D/C; we will write X = Y mod C for: X,Y G D meaning that the images 
of X and Y in D/C are isomorphic. 



The conjecture stems from discussions with D. Gaitsgory. 
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For a category C let [C] be the set of isomorphism classes of objects in C. If 
, 52 are subsets of [D] , then Si * S2 denotes the subset of [D] consisting of classes 

of all objects Z, for which there exists an exact triangle X —>■ Z —>■ Y X[l] with 

[X] g5i, [Y]gS2. 

Direct and inverse image functors on the derived categories of (quasi) coherent 
sheaves etc. are understood to be the corresponding derived functors, unless stated 
otherwise. 

1.5. Acknowledgements. This is an outgrowth of the project initiated during the 
IAS special year in Representation Theory (1998/99), as a result of various conver- 
sations with several mathematicians, especially with M. Finkelberg and I. Mirkovic; 
I am much indebted to them. I also thank D. Gaitsgory, V. Ginzburg and V. Ostrik 
for inspiring communications. I thank J. Humphreys, J. Kamnitzer, I. Mirkovic and 
the referees for pointing out many typos and exposition lapses. 

The author was supported by the NSF grant DMS-0071967, and was employed 
by the Clay Mathematical Institute at the time when ideas of this paper were being 
worked out; he was partially supported by DARPA grant HROO 11-04- 1-0031 during 
the final stage of his work on the paper. 

2. Coherent sheaves: exotic i-STRUCTURE, and Positivity Lemma. 

In this section we define the exotic t-structures on D'^{J\f), D'^^'^"^{j\f). The 
construction will use the notion of an exceptional set in a triangulated category; 
we start by recalling this notion. 

2.1. Exceptional sets and quasi-hereditary hearts. Most of the material in 

this section is borrowed from [BK] or [BGS] . 

2.1.1. Admissible subcategories. For a subcategory C in an additive category 2) let 
us (following [BK]) write = (C^)© (respectively = (-^C)©) for the strictly full 
subcategory in D consisting of objects X for which Hom(A, X) = (respectively 
Hom(A, A) = 0) for all A G C. The subcategories C""-, are called respectively 
the right and left orthogonal of C. 

A full triangulated subcategory C C S) is called right (respectively, left) admis- 
sible if the following equivalent conditions hold (see, e.g., [BK], Proposition 1.5). 

a) The inclusion functor C has a right (respectively, left) adjoint. 

b) £i = {C,C^) (respectively, £» = {C,^C)). 

c) [S] = [C] * [C-L] (respectively, [S] = [^C] *[C]). 
(See 1.4.2 for notations.) 

If C C 53 is a right (respectively, left) admissible subcategory, then C""- (respec- 
tively, ^C) is left (right) admissible. 

2.1.2. Exceptional sets. Let 33 be a k-linear triangulated category. We assume it 
is of finite type, i.e. the k vector space Hom*(X, y) is finite dimensional for any 
objects A,y of 2). 

An ordered subset V = {V, i € /} of Ob(33) is called exceptional if we have 
Hom*(V% V^) = for i < j; Hom"(V\ V*) = for n ^ 0, and End(VO = k. 

Let V = {V% i G /} be an exceptional set. For z G / let S)<i be the full 
triangulated subcategory generated by Vj, j < i. 
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Let A = {Ai, z e /} be another subset of Oh{D) (in bijection with V). We say 
that A is dual to V if 

Hom*(A„,V') =0 for n>i; (1) 
and there exists an isomorphism 

A„^V" modS)<„. (2) 

It is easy to see then that Hom*(Aj, V) = k, and Hom*(Aj, V^) = for i 7^ j; 

that the dual set equipped with the opposite ordering is exceptional; and that it 
is unique if it exists (up to an isomorphism, which is fixed uniquely by fixing (2)); 
see, e.g., Lemma 2 in [B2]. Moreover, we have 

Proposition 1. Let V C Ob{D) be a finite exceptional set. 

a) The triangulated subcategory C =^ V ^ generated by V is both left and right 
admissible. 

b) The dual exceptional set exists. 

Proof. (a) is Corollary 2.10 in [BK]. (b) follows from (a): set 

Cn =^ (V"'^, . . . , V""'^}; then C„ is a right admissible subcategory, thus there exists 
a functor n„ : £) — > C„ right adjoint to the inclusion. We set A„ = n„(V"); the 
desired properties of A„ follow by a straightforward verification. □ 

2.1.3. t-structure of an exceptional set and quasi-hereditary categories. Let V = 
(V) be an exceptional set in a finite type triangulated k- linear category J); here 
i nms over Z>o, or [l,..,n]. Let A, be the dual exceptional set. Assume that 
£> =< V >. 

We refer, e.g., to [B2] for a proof of the next Proposition; here we remark only 
that the i-structure is obtained by applying gluing of ^-structures construction from 
[BBD], §1.4. 

Proposition 2. a) There exists a unique t-structure (S)-'^,S)^°) on D, such that 
V' G 2)-°; A' G 2)^°. Moreover, 2)-°, S)<° are given by 

S)>o = ({V'[d] , zG/, rf<0}); (3) 

S)<° = ({A4d] , iG/, d>0}). (4) 

b) The t-structure is bounded. 

c) ForX we have X G 3^° Hom<°(Ai,X) = Vi; 

X G D<° ^ Honi-"(X, V') = VL 

d) Let A denote the heart of the above t-structure. Then every object of A has 
finite length. For every i the image Li of the canonical arrow T>o(Ai) t<o(V*) 
is irreducible. The objects Li are pairwise non-isomorphic, and every irreducible 
object in A is isomorphic to Li for some i. The t-structure induces a t-structure 
on Di =<C {Vi, . . . , Vi} 3>; the heart of the latter, Ai, is the Serre subcategory in 
A generated by Li, . . .Li. The map r>o(Aj) Li is a projective cover of Li in Ai, 
and Li t<o(V') is an injective hull of Li in Ai. □ 

Remark 1 . An abelian category satisfying the properties summarized in Proposition 
2(d) is called a quasi- hereditary category (or Kazhdan-Lusztig type category, or 
highest weight category) see, e.g., [CPS] or [BGS]. 
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Remark 2. The reader can keep in mind the following example. Let X) be a full 
subcategory in the bounded derived category of sheaves of vector spaces on a rea- 
sonable topological space (or of the "derived category" of Z-adic etale sheaves on 
a reasonable scheme), consisting of complexes whose cohomology is smooth along 
a fixed (reasonable) stratification. Assume for simplicity that the strata are 
connected and simply-connected, and satisfy H^°{T,j) = 0; we write j < i if Ej 
lies in the closure of Sj. Let jj denote the embedding of Sj in the space. Let Pi be 
arbitrary integers. Then objects V = j*(Q;[pi]) form an exceptional set generating 
2), and A, = ]\{Qi[pi]) is the dual set. The ^-structure of this exceptional set is the 
perverse t-structure [BBD] corresponding to perversity p — (pi). 

2.1.4. Mutation of an exceptional set. Let (/, ^) be an ordered set, and V* £ 2D, 
I G / be an exceptional set. Let < be another order on /; we assume that either 
I is finite, or the ordered set (/, <) is isomorphic to Z>o. Recall that 2)<i =^ 
{V^' \j<i} >; S)<, {V^' \j<i} >. 

Let (/, :<) be an ordered set, and V S £), i G / be an exceptional set. Let < 
be another order on /; we assume that either / is finite, or the ordered set (/, <) is 
isomorphic to Z>o. Recall that D<i =< {V-^' | j < i} >; S<j =< {V^ \ j < i} >■ 

Lemma 1. a) Fori G I there exists a unique (up to a unique isomorphism) object 
Vj„„t such that Vj„„t e D<i nS^^, and Vj,,,,,, ^ V mod 

b) The objects V^„j form an exceptional set indexed by (/,<). 

c) We have 2)<j {"^Lut I J <«}>,< V >=« Vmut >• 

Proof. The proof of uniqueness in (a) is standard. Let Hi denote the projection 
functor D<i S)<i/S)<i. Let n[ denote the right adjoint functor, it exists by 
Proposition 1(a). We set V5„„f = n[ o Ui{\/^)-, it is immediate to check that V^„j 
satisfies the requirements of part (a) and forms an exceptional set. Part (c) is then 
easily proved by induction. □ 

We will say that the exceptional set (V^^^j) is the < mutation of (V). It is 
clear from the definition that it depends only on the second order <, but not on 
the original order ^. 

Remark 3. The above notion of mutation of an exceptional set is related to the 
action of the braid group on the set of exceptional sets in a given triangulated 
category constructed in [BK] (this action is also called the action by mutations). 
Assume for simplicity that an exceptional set V is finite. Then a pair of orders 
(^, <) on V defines a permutation a of V. The (<) mutation of V can also be 
obtained by the action of the element a of the braid group on V; here a is the 
minimal length lifting of a to an element of the braid group. 

2.1.5. Graded version. Here we extend (in a rather straightforward manner) the 

above results about exceptional sets to some infinite exceptional sets. An example 
of the situation discussed in this subsection arises from a graded quasi-hereditary 
algebra: the bounded derived category of finitely generated modules is generated by 
a finite exceptional set, but the corresponding derived category of graded modules 
is not, because its Grothendieck group has infinite rank (the set of irreducibles has 
a free action of Z by shifts of grading, hence is infinite). 

Let S be a k-linear triangulated category equipped with a triangulated 
auto-equivalence which we call shift of grading (or just shift), and de- 
note I— > ^i'i-); its powers are denoted i— > J^[n). For X,Y G D set 
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Honi*^(X, y) = 0Honi*(X, Assume that S) is of graded finite type, i.e., 

n 

Hom*^(X, Y) is finite dimensional for all X, F G S). 

An ordered set V* € S) is graded exceptional if Hom*^(V% V-') = for i < j, and 
Hom*^(V% V) = k for all i. Wc will (slightly abusing the terminology) say that a 
graded exceptional set V* is generating if D =<C {V*(fc) | i G /, fc € Z} 3>. 

We record the graded analogs of the previous two Propositions. 

The dual set Aj to a graded exceptional set is defined by conditions 

Hom'^(A„, V ) = for n > i; 

A„ = V" modS?r„, 
where ©^""^ =< V*(A;) \ i < n, fc G Z >. 

Again, it is easy to see that Hom*^(Ai, V) = k, and Hom*^(Ai, V-') = for 
i j, that the dual set equipped with the opposite ordering is exceptional and that 

it is unique if it exists. 

Proposition 3. Let V C Ob{D) be a finite graded exceptional set. 

a) The triangulated subcategory C =-C V ^ generated by V(fc), k € Z is both 
left and right admissible. 

b) The dual graded exceptional set exists. 

Proof, (b) follows from (a) as in Proposition 1. Wc prove (a) by induction 
in the number of elements in V. If this number is one, then the functors X i— > 
Hom*(Vi(n),X) O Vi(n), X Hom*(X, V^(-n))* ig) V^n), from 2) to 

<C {V^(A:), /c G Z} ::J> arc readily seen to be, respectively, right and left adjoint to the 
inclusion. This provides the base of the induction. The induction step readily fol- 
lows from the next Lemma applied to C\ =-C V^(n) », C2 =<gC V^(n), . . . , V" ». 
□ 

Lemma 2. Let Ci, C2 be full triangulated subcategories ofD, such that C2 C Cj^; 
define a full triangulated subcategory C C'S byC =^ C1UC2 thus [C] = [Ci]*[C2]. 
Assume that both C\ and C2 are left and right admissible in D. Then C is also left 
and right admissible in D . 

Proof See [BK], Proposition 1.12. □ 

We now assume that 2) =<C V(fc) fc G Z where V = (V*), z G / is a graded 
exceptional set, where the ordered set / is either finite or isomorphic to the ordered 
set of positive integers. We let Aj be the dual graded exceptional set. 

The proofs of the following statements are parallel to the proof of Proposition 2 
(see [B2]) and Lemma 1 respectively. 

Proposition 4. a) There exists a unique t-structure (S)-°,£)^°) on D, such that 
V*(fc) G 2)-°, A*(A;) G 2)~° for allk eZ, ie I. Moreover, S)<° are given by 

S>o = {{W'{k)[d] , i e I, d<0, k e Z}); 

S)<° = {{Ai{k)[d] , « G /, d > 0, kG Z}). 

b) The t-structure is bounded. 

c) For X e S we have: X G <^ Hom<°(Ai,X) = \/i; 
X gD<° Romf^iX, VO = Vi. 

d) Let A denote the heart of the above t-structure. Then every object of A has 
finite length. For every i, k the image Li{k) of the canonical arrow T>o(Aj(fc)) — > 
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7'<o(V*(fc)) is irreducible. The objects Li{k) are pairwise non-isomorphic, and every 
irreducible object in A is isomorphic to Li{k) for sorn,e i. k. The t-structure induces 
a t-structure on J)j =<C {Vi(/c), . . . , Vi(/c)} k & Z; the heart of the latter, 
Ai, is the Serre subcategory in A generated by Li{k), . . . Li{k), k £ Z. The map 
T>o{Ai{k)) Li{k) is a projective cover of Li{k) in Ai, and Li{k) — > r<o(V') is 
an injective hull of Li{k) in Ai- □ 

Lemma 3. Let (/, ^) be an ordered set, and Tl , i E I be a graded exceptional 
set. Let < be another order on I; we assume that either I is finite, or the ordered 
set (I, <) is isomorphic to Z>o. Set S)<i =< {V-'Xfc) \ j < i, k € Z} >; S)<j =< 
{V^(fc) I j < i fc e Z} ». 

a) For i IE I there exists a unique (up to a unique isomorphism^ object V^^^ 
such that Vj„„i G D<, n D^^, and Vj„„j ^ V* mod D<i. 

b) The objects VJ„„( form a graded exceptional set indexed by (/, <). 

c) We have D<j =<C {V:^„t(fc) | j < i, fc € Z} >, < V >=<C Wmui >• □ 

Thus the notion of a mutation of a graded exceptional set is defined. 

2.1.6. Tilting objects. Let S) be a triangulated category generated by an exceptional 
set V, let A be the dual set, and let A be the heart of the corresponding t-structure. 

Recall that an object X E A is called tilting if it has a filtration with associated 
graded A^* = t<o(V*) and also has a filtration with associated graded Mj = r>o(Aj). 

Classification of indecomposable tilting objects follows from [R] (cf. also [BBM]): 
for every i € I there exists a unique (up to an isomorphism) indecomposable tilting 
object Ti G A which lies in A<i but not in A<ci; every indecomposable tilting object 
is isomorphic to Tj for some i G I. We have a surjective morphism Tj — > V whose 
kernel has a filtration with associated graded V-' , j < i; and an injective morphism 
Ai Ti whose cokernel has a filtration with associated graded Aj, j < i. 

Lemma 4. Assume that Hom<°(V% V-') = = Hom<°(Ai, A^). 

Let X gT) be an object, such that Hom>°(Afc, X) = = Hom>°(X, Vfe) for all 
k. Then X lies in A and it is a tilting object therein. 

Proof. The first condition shows that Aj, V* G ^ for all i; thus Mj = r>o(Ai) = 
Ai and N' = r<o(V*) = V* . 

The second one implies by a standard argument that X e {\/i[n]) n {Ai[—n]), 
i e I, n e Z>o. In particular, X e n = A; thus Hom'(Afc,X) = = 
Hom'(X, Vfc) for i ^ 0. It is well known that the latter condition implies that 
X e (Ai) n (V'); since Mi = Ai, = V' we see that X is tilting. □ 

Remark 4. Notice that we have deduced vanishing of Hom*(Afc, X), Hom*(X, V/c) 
for i < from the corresponding vanishing for i > 0. This elementary argument 
acquires interesting consequences when it is taken together with a derived Koszul 
equivalence (see Introduction, discussion before the Conjecture in §1.2). This is 
illustrated by the methods of the present paper. Namely, we will see later that 
for a certain class of objects X € D^{\Jq-modP), the vanishing of Hom*(Afe,X), 
Hom*(X, V/c) for i > follows from purity of some irreducible perverse sheaves on 
the afiine flag variety; while the corresponding vanishing for z ^ can be interpreted 
as pointwise purity of these irreducible perverse sheaves. 

Recall that purity is a general property of irreducible perverse /-adic sheaves 
proved in [BBD] , while pointwise purity does not hold for a general IC sheaf, but is 
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known to hold, e.g., for IC sheaves of (affine) Schubert varieties. However, Lemma 
4 can be used to show that pointwise purity of irreducible objects in a category A of 
perverse sheaves formally follows from their purity, provided that a derived Koszul 
equivalence between D''{A) and some other (reasonable) derived category is given. 
This is an illustration of the relation^ between the pointwise purity property and 
the Koszul duality formalism. 

2.2. Sheaves on the nilpotent cone. In this subsection we recall some results 
and notations from [B2]. 

Till the end of this section 2 G is assumed to be an arbitrary semi-simple algebraic 
group. 

For A € A we let Og/bW S CohP{G/ B) be the corresponding hne bundle on 
G/B, and we set Ox = w*{Og/b{'>^)) e Coh^{M), where pr : AT ^ G/B is the 
projection. 

Recall that we consider the action of the multiplicative group on N given by 
t : {h,x) {b,t^x). Let us equip Og/b{^) with the trivial Gm action, thus we get 
an object Og/b{\^) £ Coh^^^'"-{G I B) (where G™ acts trivially on G/B)\ and 
then set Oa,o = pr*{OG/B{\^)) S Coh'^'"^^{M). 

The perverse coherent t-structure on D'~^ [M) of the middle perversity^ is defined 
by: T E DP'^"{Af) ^ E D^'^-'^°{Coh°{0)), T G Df'>0(AA) ^ 

Vq{T) E D^'^^'^'^' {CohP {p))^ where O runs over the set of G orbits in A/", and 
do = ^iH^, d = ^iifA^. An objects in the heart of this t-structure have finite 
length. As was pointed out in the Introduction, for a pair (O, £), where O C A/" is a 
G orbit and L is an irreducible G-equivariant vector bundle on O, there is a unique 
irreducible object IGo,c in the heart supported on the closure of O and satisfying 
ICo,c\o = t^[do — 

We will use the bijection (constructed in [B2]) between A"*" and the set of pairs 
{0,C) as above; we denote it by A ^ {0\,C\). For A € A we set Ax = it^{Ox) 
(recall that tt* denotes the derived direct image functor). 

Set D^^{N) =<C {A„ I z/ e A+, J/ ^ A} >, D^^ =<C {A^ \ v e A+, ^ A} >. 
The following facts were proved in [B2]: 

D^{Af)=[^D%{M); (5) 

A 

DP->^{N)^{Ax[n]\XEK+,n<0) 
DP'<0{M) = (A^„(A)[n] I A e A+, n > 0) 

dimHom(^^^(;^),AA) = 1, and ICo>,,Cx - Im{A^^(^x) ^x) ^r A e A+, 

(7) 

where cx is the unique (up to scaling) non-zero morphism, Im, denotes the image 
with respect to the perverse i-structure and Wo E Wf is the longest element; 

AxED^^iM)^; A^^^x) D^xi^) for A G A+ (8) 



Pointed out to me by Victor Ginzburg, cf. [BGS]. 
''To simplify notation we use here a normalization different from the one used in [B2] : the two 
t-structures differ by the shift by d = ^is^ . 
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yl^(A) mod D%^{U) for \(^K+, wcWf (9) 



D%^{M)^ =« {V^®Ou\l^< A} »^ 
^(D5;,(A/-)) {V^®Ou\p^< A} » 



(10) 



Finally, we recall a result of [B], which will be used to deduce Corollary 3 in 
section 3.2 (Humphreys' conjecture) (and will not be used elsewhere in the paper). 

Proposition 5. Let A e A+ C W , and let cC W be the two-sided cell containing 

X. Let {0\,C\) be the orbit and the irreducible vector bundle on it, corresponding 
to A as above. Then Ox ^ N is the orbit corresponding to c under the bisection 
defined in [Lc]. □ 

2.3. Exotic f-structure. Some of the arguments appearing in this section can 

be replaced by shorter ones relying on results of [AB] or [ABG]. Wc found it 
worthwhile, however, to present direct proofs; though the intuition comes from 
[AB] , the techniques employed in this section go back at least to [Dem] . 

The category D'^^'^"^{J\f) is equipped with a shift functor T ^ ^{^), where 
.F(l) stands for the tensor product oi T with the tautological character of G^. For 
T,ge £»GxG^(_Xr) we have llom'j^a(M){J',Q) = ©Hom^cxG„(^)(-^,a(n)), where 

n 

the restriction of equivariance functor is omitted from the notation. 
SetOA,„ = OA,o(n). 

Lemma 5. We have Hom^G^^^(OA, O/n) = unless X y fj,. Also, 

Proof. We have to check that RT^{0„) = if -v ^ R+ , and R*T^{0) = 
k. Here by RT'^ we mean the derived functor of the functor .F i-^ r(.F)'~^ = 
Romcoho{0,J^). We have R'T^{J^) = {R'{J^))^, see, e.g., [Bl]. 

We first prove that for G D^{M) there is a canonical isomorphism 

R'T^{J^)^{H\n,J^U))^. (11) 

Recalling that A/" = Gx^n, we see that (11) holds when z = and F E Coh'^{J\f). It 
remains to check that the (5-functor t-^ (jy*(n, .^In))"^ is effaccablc. The category 
QCoh^{N) of G-equivariant quasi-coherent sheaves has enough objects adjusted 
to F (and hence to F*^), which are of the form Av{J^)., T S QCoh{M); here Av : 
QCoh{J\f) QCoh'^ {M) is the "averaging" functor, right adjoint to the forgetful 
functor QCoh^iAf) QCoh{M). We have Av{J^) = a^pr*{J^), where pr : G x 
J\f — > J\f, and a : G X Af ^ JV are the projection and the action maps. It is easy 
to see that T{Av{J^))\n is an injective module over the Lie algebra n. This implies 
(11). 

We now claim that the right hand side of (11) vanishes for = if — A ^ 
i?"*". Indeed, the standard complex for computation of H*{n,r(0(X))\n is A(n*) (g) 
Sym{n*) with some differential; the action of T is the natural action twisted by A. 
If — A ^ then the space of T invariants in the complex vanishes, hence so does 
the space of T invariants in its cohomology. □ 

Proposition 6. Equip A with any order compatible with the partial order ^. Then 
the set of objects Ox indexed by A with this order is an exceptional set generating 
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The set Oa,o is a graded exceptional set in D^^^'^{J\f), and D*^^""" (AA) =<C 
Ox,n >, A e A, n G Z. 

Proof. The set in question is (graded) exceptional by Lemma 5. The set 0\ 
generates D'^{Af) by [B2], Corollary 2 on p.l3; Ox,n generate D'^'^^™ (TV") by a 
similar argument. □ 

We now introduce another partial ordering < on A. To this end, recall the (2- 
sided) Bruhat partial order on the afSne Weyl group W. For A G A let wx be the 
minimal length representative of the coset W/A C W. 

We set /i < A if precedes wx in the Bruhat order. 

We will use the following well-known properties of the Bruhat order: 

• The two orders ^, < coincide on A^. 

• The two ordc;rs ^, < coincide on any Wf orbit in A. 

• If A < /X, then A G conv{iJ.), where c(mv{fi) denotes the convex hull of the 
Wf orbit of fi intersected with A. 

We fix a complete order <compi on A compatible with <. 

In view of the above properties of the Bruhat order we can (and will) assume 
that < 

compi satisfies the following two requirements. 

• (A, <compi) is isomorphic to Z>o. 

• Let conv^{^) denote the complement to the Wf orbit of jj. in conv{fi). Then 
we have 

A G conv°{n) A <compi 1^- (12) 

Proposition 6 implies that the set Ox (respectively, 0a, o) equipped with any 
complete order compatible with ^ is a (graded) exceptional generating set. We 
define the (graded) exceptional set Va (respectively, Va.o) to be the <compi muta- 
tion of the set Ox (respectively, Oa.o)- We let Aa (respectively, Aa.o) be the dual 
(graded) exceptional sets. It is clear from the definitions that the forgetful functor 
£,GxG„(_XA) ^ D^{Af) sends V^'° to and Aa,o to Aa. 

Our next goal is to get a more explicit description of V"^, V"^'". It is provided 
by the next Proposition 7; to state it we need some notations. 

For a subset 5 C A set D'g{Af) =< Oa | A G >, ZJf (AA) =< Ox,n I A G 
5, n G Z >. 

Let Hi : D^if/) ^ Df_,„(,) (AA)^ {n\r ■ D^-^-{N) - dII%J^^{N)^ be 
the functors left adjoint to the embedding functors. 

For a simple root a let s„ G Wf be the corresponding simple reflection. Let tt^ : 
G/B — > G / Pa be the projection, where Pa is the minimal parabolic corresponding 
to a. Set Ma = T*{G/Pa) ^g/p„ G/B; the diflPerential of tt^ provides a closed 
embedding ia ■ Ma ^ -A/ • We let tt^ denote the projection Ma — > T*{G/Pa)- 

Define a functor Fa : D'^{J\f) D^{J\f) by 

Fa-.T^ {ia* ° TT* O TTa* O lai^ip))) {-p)\ 

a functor Fg"- : D^''^"'{J\f) D^''^"^{M) is defined by the same formula.^ 

■''One can use the comparison with geometry of afBne flags, see section 4, to sfiow tfiat the 
second requirement is, in fact, redundant. We still found it convenient to impose it for the sake 
of a technical simplification. 

''The formula defines a functor on the equivariant derived category only if Op carries a G 
equivariant structure; this is true if G is simply connected, but not in general. However, the 
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Notice that each of the functors Fa, F^^ is defined as a composition of six functors 
which can be grouped into three adjoint pairs: (7r*,7rQ*), {T-p,Tp), where 

we let T\ denote the functor of twist by 0\ (respectively, by Oa.o)- 

We also define the functors i^^, (F^)f'- by ow^o n^* o (p). 

Thus Fa (respectively, F^'^) is the composition ofTTa*oia°Tp with its left adjoint. 
In particular, we get a canonical arrow Fa """"i id and similarly for F^'^. 

We have a canonical arrow id ^""") F^ and its graded version. 

Proposition 7. a) We have n';,(OA), V^-" ^ {Il{)s'-{Ox,n)- In particular, 

yA^ yA,n depend on the choice of <compi- 

b) Assume that Sa(A) ^ A. Then we have canonical distinguished triangles: 

^gr^yA,0) c«"a^ yA,0 _^ ySa(A),2^ 

and similarly with (-Fa)^^ V^'°, V^"^^^'^ rep/acerf fey F^,, F^, V^, V*«(^). 
The proof of the Proposition is preceded by two Lemmas. 

Lemma 6. a) The left adjoint to Fa, Fg" is isomorphic to Fa[-2], Fg^[-2]{-2) 

respectively. 

b) We have F„ ^ F'^[2], pa- ^ (F^)9'-[2](-2). 

Proof. We use the well-known isomorphisms of G x equivariant line bundles 
on J\f: 

0{-Afa) ^ Oa,-2, 

KG/B^<{K^}pJ = 0.a, ' 

where K stands for the canonical line bundle of top degree forms. They imply 
canonical isomorphism: 

^a{n = ^l{^) ®Oa,u [KG/B®<{Ka]pS) [l]=^:(^)(-t^,0)[l]. 

Since tt* , i* are left adjoint to TTa*, i* respectively, while tTq,, ia are right adjoint 
to Tia*i i*a respectively, we get (a) by plugging in the latter isomorphisms. They 
also imply that 

F^ = T-2p+a,o{Fa)^^T2p-a,2- 

Since {a, 2p — a) = (where a is the dual coroot), we see that 02p-a is lifted from 
G/Pa, hence T2p-a,o commutes with {F^y^. The isomorphism in (b) follows. □ 

Lemma 7. a) //sa(A) < X, then we have canonical isomorphisms in (the quotient 
category of) D^xG^ 



a„(A),2 = coneiFaiOxfi) Oa,o) mod Dfj<^^,"l^^iM), 

OxA^] = cone{0,^x)a) ^ KiOs^(x),2)) mod D^'^.^^iJ^) 

derived category D'-^(J\f), dGxG^ jg ^ direct sumiiiaiid in D'^^''(J^), D'-'"'^'"™- (M), where Gsc 
is the universal cover of G. It is easy to see that the functors Fa, Fa defined by the above 
formula for Gsc preserve this direct summand, thus the functors are defined for a general G. This 
observation applies also to F^, {F^)^'^. 
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and also similar isomorphisms in (the quotient category of) D'^{M). 
h) The functors F^, Fg^ preserve D%^^^^^{N), dII^]-^^{M). 

Proof. We prove (a) and (b) together by induction. We assume that (b) is known 
for A G con?;"(/i), and deduce that (a) holds for A G W{ii). Then the isomorphisms 
of (a) together with Lemma 6(b) show that (b) also holds for A G W{ij). 

If (d, A) = 0, then v^{0\+p) = i*^{0\+p-a)[—l] is isomorphic to the line bundle 
C'pi(— 1) when restricted to a fiber of tTq. Thus in this case wc have F^^{0\fi) = 0, 
so we get the desired isomorphism. Assume now that (d, A) > 0. 

For a vector bundle V on A/^ we have, in view of (13), a canonical (in particular, 
respecting G ov G x equivariance) short exact sequence 

^ V(a, -2) ^ V ^ iaJlV ^ 0. 

Applying Serre-Grothendieck duality (and plugging in V* for V) we get a distin- 
guished triangle 

If a vector bundle W on J\fa is trivial on the fibers of the projection tTq, (if W 
is an equivariant bundle, the trivialization is not required to be compatible with 
the equivariant structure), then we have 7r*TfQ* W^^W. Thus if V is a G x Gm 
equivariant vector bundle, such that «q,(^(p))[1] = ^*ai^{P ~ Q^)) is trivial on the 
fibers of tto, then wc have a distinguished triangle ia* ° o t^q* ° *L(^) — > V — > 
V(— Q!,2). If i* V(— a + p) is fiberwise trivial, then we get a distinguished triangle 
Fa(V) ^ V(-a,2). 

For /i G A, (d,/i) > 0, let Vf^^n denote the pull-back under the projection N 
G/B of 7r*7ra*(0^,ra)- It is clear that 7r*7ra*(0^)) is trivial on the fibers of tTc- It is 
also easy to see that this vector bundle carries a filtration with associated graded 

Set V — Va-p,o(p, 0), where we have assumed without lost of generality that 
G is simply-connected, so Op is G equivariant, cf. footnote 6. Then we have 
*a(^)[l] — *a(^(~c«)) = *aC^'A-p(— Q; -|- 2p)), where we have dropped the G„i- 
equivariance to unburden the notation. The vector bundle (Va-p(— a + 2p)) is 
trivial on the fibers of TTa, since (d, — q + 2p) = 0. Thus we have a distinguished 
triangle 

Fa(V) ^ V(-a,2). 
On the other hand, the above filtration on yields a filtration on V and on 
V(— a,2). In both cases all but one terms in this filtration lie in -D^^^o" a) (■^) • 
The only term which does not is 0\fi for V, and C's^(a),2 for V(— a,2). Using the 
induction assumption we get the first isomorphism for A G Wf{p). 

The second isomorphism is proved similarly, using the observation that for V = 
V\-p{p - a) and W = i*a{V){-p) we have >V=^^J^^„^>V. □ 

Proof of Proposition 7. We prove the statements about V"^, the proof of the 

"graded version" is similar. Set (V)'^ = 11^ (Oa)- 

We first check that if Sa{\) -< A, then wc have canonical distinguished triangles 

F«((v')^) (V)^ -> {vy-^^\ (14) 



(V)^ ^ (vo^--^^) ^ F'^iiVY"^''^). 
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This follows from Lemmas 6, 7: Lemma 7(b) together with Lemma 6 show that 
commutes with Fa, F^, then the distinguished triangles follow from Lemma 
7(a). 

It remains to show that (V')^ = V"^. 
It suffices to check that 

(V')' = Oa modi5^_^,„ 

Hom*((V')\(V')'^) =0 if X<eompl^l, 

where .= Z??,,,, , . 

Here the first isomorphism is clear from the definition of (V)'^ and the require- 
ment (12) on the order <compi- The second isomorphism follows from the following 
stronger statement: 

Hom((V')^, (V)'') ¥=0 ^ M G conv^iX) \/ {n e W/(A) kfi^X). 

(15) 

We now prove (15). Assume first A G Wf{fi) and /x 2^ A; we show that in this 

case 

Hom((V')-^,(V')^) =0. (16) 

We have Hom((V')^, (V)'') = Hom(OA, (V)^), because (V)^ = Ox 
mod D^onv^ix) (V)^ € -D^„„o(;^)(A/')-'-. On the other hand, Lemma 5 implies 
that (V)'' = mod D^^, where D^^{M) = Df^ , ^.^.^^(A^). Lemma 5 shows 

also that Ox G"^ D^^{Af), which yields (16). 

It remains to show (16) assuming that A ^ conv{fi). It is enough to check 
that (V)^ G (DZnrix))'-- If M G A+, then (V)^ = Ox, so (V)^ G (i?f_(,))^ 
by Lemma 5. Comparing (14) with Lemma 7(b) and Lemma 6(b) we see that 
if (V)^ G (DZ^^^x))^ and s^if,) ^ /i, then also (V')^"^'') G {Dg^,^^^)^- Thus 
(V)'^ G (-D^„^(;^))"'" for all iJ. such that A ^ conv{i2). □ 

Definition 1. The exotic f-structurc on D^{M) (respectively D^^'^"^{J\r)) is the 
t-structurc of the (graded) exceptional set V'^ (rcsp. V''''^). 

We let £^{N), E'^'^^'-^ (A") denote the hearts of the exotic i-structures on D^{N), 
j^GxGm(Jj"^ respectively. In view of Propositions 2, 4 (see section 2.1.3), isomor- 
phism classes of irreducible objects in £^{M) are in bijcction with A, while irre- 
ducible objects in f^^^™(7V') are in bijcction with A x Z. For A G A, n G Z we 
let Ex G £^{N), Ex,n G £'^^^™(A/') be the corresponding irreducible objects. It is 
clear from the construction that the forgetful functor D'^^'^"^{Af) — > D'^{Af) sends 
Ex,n to Ex- 

2.4. Exotic and perverse. In this subsection we restrict attention to D'~^{JV) to 
simplify notations; we leave it as an exercise for the reader to provide the "graded" 
analogue. 

Lemma 8. For X G A+ and any w G Wf we have 7r*(V'"^'^^) = Ax, 7r*(A^(;^)) = 
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Proof. We prove the first isomorphism, the proof of the second one is similar. 

li w = 1, then the isomorphism is just the definition of Ax. Thus we will be 
done if we show that 7r*(V*°^^^) = 7r,(V^) for any simple reflection Sa and A e A. 
This follows from Proposition 7(b) in view of tt* o = 0. The latter equality is a 
consequence of the fact that for any the complex of sheaves Fa{J^) is concentrated 
on J\fa and its restriction to any fiber of tTq is isomorphic to a sum of several copies 
of C'pi( — for some d; thus its derived global sections vanish. □ 

Corollary 1. The functor tt* : D^{N) D^{N) is t- exact, where D^{J\f) is 
equipped with the exotic, and D'^{M) with the perverse coherent t-structure of the 
middle perversity (see section 2.2). 

Proof. Compare the definition of the exotic t-structure with (6) and Lemma 8. 

□ 

Proposition 8. For A G — A+ we have Tr*{E\) = ICo„^^x)X^„(x)- 
For A ^ — A+ we have ir^{Ex) = 0. 

Proof. Recall that for A e A the object Ex is the image of the unique (up to a 

constant) non-zero morphism Cx ■ V"^, while for A G A"*" the object ICq^Xx 

is the image of a unique up to a constant non-zero morphism cx '. Ay,^(^x) ~* • 
By Lemma 8 and Corollary 1, -Kt,{Ex) is the image of the morphism ^^{Cx) ■ Ax 
^w„{\) if A G -A+. Thus it suffices to show that Tr^{Cx) 7^ iff A G -A+. 

Assume first that A G -A+. We have Ex = Va mod D'^ JM). Since 
A G — A+, we have u < \ u £ convo{X); we can also assume that the complete 
order <compl is chosen so that v <compi X ^ u G convo{X). Thus if i^i,{Ex) = 
0, then 7r*(V''') = A^^i^x) lies in the full triangulated subcategory generated by 
7r*(V''), v G cont;*'(A). In view of Lemma 8, the latter category is generated by A,^, 
A+ 3 V -< Wo{X). This category does not, in fact, contain A«,„(a) by, e.g., (8). 

Assume now that A ^ — A+, thus there exists a simple reflection Sq,, such that 
Sa{X) -< X. Consider (the non-graded version of) the first distinguished triangle of 
Proposition 7(b). We have Hom*(AA, V*°^^^) = 0, thus the morphism Cx factors 
through a morphism Aa — > -F'a(V^). It was explained in the proof of Lemma 8 that 
TT* o i^Q, = 0. Hence in this case we have 'n^,{Cx) = 0. □ 

2.5. Positivity Lemma. We state the key result, which formally implies our main 
Theorem 3; the proof appears in section 4. 

Lemma 9. 'Rom\Ax,n+Sx^ En,sJ =Oifi> n; 

Hom'(£;^,5^, V^'"+''^) = ifi> -n (see I.4 for notations). 

Remark 5. The Lemma is equivalent to the statement that some Z-graded vector 
spaces have trivial components of negative degree, hence the name. 

Remark 6. There are several results in representation theory, the Kazhdan-Lusztig 
conjecture being the first and the most famous one, which are proved by identifying 
an algebraically defined vector space with a (co) stalk of an irreducible perverse 
sheaf, and then using the deep information about the action of Frobenius on this 
(co)stalk provided by Purity Theorem from [BBD]. Our strategy for proving the 
key Lemma 9 also follows this pattern. More precisely, the proof of Lemma 9 relies 
on purity of perverse sheaves on the affine flag variety; see also Remark 4 in section 
2.1.6 above. 
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3. Quantum group modules: proof modulo the Positivity Lemma. 

In this section the semi-simple group G is assumed to be of adjoint type. 

We start by fixing notations. Recall that irreducible objects of \}q-mod are 
parameterized by their highest weight A e A+. For A e A+ let V{\) be the 
corresponding irreducible representation. We have the dot action of the affine Weyl 
group W on K, w : fx ^ w ■ 11 = w{ii + p) — p (in particular, the subgroup A CW 
acts by A : /i I— *■ /U + ZA). By the linkage principle [APW] the irreducible object 
V{X) lies in the block Uq-mocP iff A lies in the W orbit of 0. For w G W we have 
w ■ € A+ iff £{w) < £{wfw) for all w/ € Wf. There is exactly one such element 
in each left coset of Wf in W . On the other hand, K^^^Wf\W . Recall that w\ is 
the minimal length representative of the coset W/A C W, and set Lx = V{wx ■ 0). 
For exampk\ if A G A+ we have Lx = V{IX), while for a strictly anti-dominant A 
we have Lx = V{wo{X) — 2p), where Wo 6 Wf is the longest element. 

Similarly, we let Weylx = Weyl('u;A • 0), coWeyl^ = coWeyl(uiA • 0) be the Weyl 
module and dual Weyl module with highest weight wx ■ 0, and Tx = T{wx ■ 0) be 
the corresponding tilting module. 

3.1. Some results of [ABG]. The result of [AEG] yields a functor 
* : £)GxG„(_Xr) ^ D\Ug-mod°). 
It satisfies the following properties 

*(:r(i)) ^ (17) 
* : 0Hom(.F,a[n](-n))^Hom('J'(.7=-),*(g)); (18) 
<b : Oxfi ^ RInd!il{lX); (19) 

H{bq,^{J^))^r{J^\n), (20) 

the latter isomorphism is i?-equivariant (here we use notation F for the functor of 
global sections on jj^^G^f^j^'^ g^^^ write "F" rather than "i?F" since n is affine, 
thus the functor of global sections is exact). Also, for V G Rep{G) we have 

^{T(g>V)=^-^{J^)(E)Fr*{V), (21) 

where Fr : — > U{q) is Lusztig's quantum Frobenius morphism. 

Recall the functors H, H from the Introduction. 

Proposition 9. H{ug, *(J^)) = Rr{T) = F(7r,(J')). 

Proof. The left hand side can be rewritten as © Vx ® Hom* (k. 'J/ (JT) (g) 

AeA+ ' 

Fr*{V^)) where Vx is an irreducible U{g) module with highest weight A (see [AG]). 
Using (19) for A = 0, and (21) we can rewrite it as 0yA<8>Hom^G(_;v-)(C,^OV^*) = 

Hom^(^)(0,JP-)=i?r(:r). □ 

We are ready to give the precise statement of the main result. 

Theorem 3. ^{Ex,sJ =Tx. 
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3.2. Consequences of Theorem 3. Recall from section 2.2 perverse IC sheaves 
ICo,c G D'^{J\f) (introduced in [B2]) and the bijection A {0\,C\) between A+ 
and pairs (O, C) where O C A/" is a G orbit and C is an irreducible G-equivariant 
vector bundle (introduced in [Lc], see also [B2], [B]). 

The following result contains a more precise version of Theorem 1. 

Corollary 2. a) For A € A the sheaf H{T\) is isomorphic to the direct sum of all 
cohomology sheaves of the complex Ex . 
b) For A G — A+ we have 

H{Tx) = RT{Ex) - r(/Go^^(,,,/:^„(A)). 
For A ^ — A+ we have 

H{n) 9^ RT{Ex) = 0. 

Proof, a) follows directly from Theorem 3 and (20). The isomorphism H{Tx) = 
Rr{Ex) follows from Theorem 3 and Proposition 9. Then (b) follows from Propo- 
sition 8. □ 

Remark 7. The fact that H{Tx) = for A ^ — A^, which was deduced above from 
properties of exotic sheaves, is well-known, see, e.g., [O], §3.2. 

Comparing this statement with Proposition 2 of [B] we get the following version 

of a conjecture by J. Humphreys [H]. 

Corollary 3. Let A G — A"*" be an anti-dominant weight; let c be the 2-sided cell 
in the ajfine Weyl group W containing A (where we use the standard embedding 

A G W). The support of H{Tx) as a coherent sheaf on J\f is the closure of the 
nilpotent orbit Oc C M , which corresponds to c via the bijection of [Lc] . □ 

Remark 8. Corollaries 2(b) and 3 imply conjectures in §3.2 of [O]. Indeed, the 
classes of ICo,c in the Grothendieck group K{Coh'^^'^'" {J\f)) form the canonical 
basis of the latter group in the sense of [O] ; this is proved in [B] . 

Example 1. (cf. [O], end of §3.2) When the cquivariant vector bundle C is trivial 
we have ICo.c = j*{Oo)[do — d] — Nm^{OQ)[do — d] where j : O '-^ TV is the 
embedding, j» stands for the non-derived direct image, and Nm : O — > O is the 
normalization morphism for the closure O of O (see [B2], Remark 10). Thus for 
some indecomposable tilting Tx we get H{Tx) = Oq. In fact, [B], Proposition 1 
implies that this happens precisely when A £ — A+ is such that the minimal length 
representative of the two-sided coset W/AW/ C is a Duflo involution. 

3.3. Proof of Theorem 3 modulo the Positivity Lemma. We start with 
Lemma 10. *(Va,o) = coWeyl^[-5(A)], *(Aa,o) = Weyl;,[-J(A)]. 

Proof. We prove the first isomorphism, the second one is similar. 
Set D''^^{\Jq-mod") | ^ < A >, and define I?^^^^^^;^(Ug-mod°) similarly. 

Recall the Quantum Weak Borel- Weil Theorem of [AP W] , which implies that 

Rlnd^l {IX) ^ Lx[-Sx\ ^ coWeyl^ [-^a] mod £)^A(Ug-mod°). 

Using (19) we see that *(e'A,o) = coWeyl^[-(5(A)] mod £>^;^(U,-morf°). 
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It follows by induction in A that D''^^{\Jq-mo(f) = *(L»<^^'" (A/")), where 
£)GxGm^y^^ =<C I /i < A and similarly with < replaced by <compl or 

<compi- Recall that by the definition of V^'" we have 

In view of (18) this implies: 

^'(V^'°) = Lx[-dx] = coWcyl^[-(5A] mod D^^^^^^^, (Ug-mod°). 

It follows that both \1/(V^'°)[(5a] and coWeyl^ are injective hulls of Lx in the Serre 
subcategory of Uq-modP generated by with fi <compi A; hence these two objects 
are isomorphic. □ 

We are now ready to prove Theorem 3. 

Comparing the Positivity Lemma 9 with (17) and (18) we see that 
Hom'=(Weyl^,M/(i?AA))= Hom^(A^,„+5^ , i^^.^J = 

i+n= — k 

for A; > 0, and similarly }lom''{'^{Ex,Sx),coWey\^) = for fc > 0. By Lemma 4 this 
implies that '^{Ex,5^) is a tilting object of Uq-modP. 

The endomorphism algebra End(\I/(i?A, 6^)) — Hom*(£'A, -^a) carries a grading by 
non- negative integers, with a one-dimensional component of degree zero (namely, 
the homological grading). Hence it has no nontrivial idempotents, thus 'i'{Ex.s>,) 
is indecomposable. Finally, (the proof of) Lemma 10 implies that 'i'lEx.s^) S 
^ko^pJ^i-^o^')' but nEx,s,) ^ I?^_^,A(Ug-W°), hence 'f{Ex,sJ = Tx. □ 

4. CONSTRUCTIBLE SHEAVES ON AFFINE FLAGS: PROOF OF POSITIVITY LEMMA. 

In this section G is an arbitrary semi-simple group. 

The objective of this section is to express the Horn spaces in Lemma 9 as 
eigenspaces of Frobenius acting on a (co)stalk of an IC sheaf; this is achieved in 
Corollary 6. 

4.1. Perverse sheaves on Etffine flags for G'. Recall some results of [AB].^ Fix 
q=p°' where p is a prime number. Consider the Langlands dual group G" over the 
base field Fg; the "loop" group ind-scheme G'f ((^^^ and its group subschemes 
G-o D 1,1-; thus we have G-^^((t)) (F,) = G*" (f ,((t))) , G-'o(F,) = G'{0), 
I(Fg) = /, I-(Fg) = /~ where O = Vq[\t]], and /, /~ are opposite Iwahori sub- 
groups in G" (Fg((t))) . The affine flag variety (ind-scheme) J^i is the homogeneous 
space G-t^((t))/I. 



Notice a discrepancy in notations between [AB] and the present paper: the group denoted by 
G here corresponds to C of [AB], and vice versa. 
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4.1.1. Iwahori-Whittaker sheaves and equivalence $. Let Vasph denote the category 
of Iwahori-Whittaker perverse sheaves; this is a subcategory in the category of 
perverse Z-adic sheaves on T£ defined in [AB], §2.5 (it is denoted "Pivv in loc. cit.); it 
consists of perverse sheaves, which "transform as a non-degenerate character" under 
the action of the pro-unipotent radical of the Iwahori group I~ . The group scheme 
Co acts on Ti, and the orbits of this action are indexed by the set Wf\W<^A. 
For A S A let be the corresponding Co orbit, and i\ : Tt^ be the 
embedding. 

For A G A there is a unique (up to an isomorphism) irreducible object /C^* G 
'Pasph whose support is the closure of Tt^ . Also there is a unique standard ob- 
ject A|* (denoted by A^^ in [AB]) characterized by i*(A|*) = for ^ A, 
i^(A|*) = i\{IC'^) and a unique costandard object (denoted by V^^ in loc. 
cit.) characterized by ij^(V^t) = for ^ A, i^(V^t) ^ il{ICf)- (The sub or 
superscript "et" (for etale) is used to remind that we are in a context different from 
that of section 2). For T e {Vasph)-, and a point x\ e which lies in the 
open orbit of an opposite Iwahori subgroup I~ we have 

Hom*(A:^',.F)=4(.F)[rfA] .22^ 
^ou,'{T.yf) = {Ll{r)[-dx])*, 

where l\: xx"^ Ti is the embedding, and d\ = ^\va.T& . 

The objects A^*, V^^ can be described as extension by zero (respectively, direct 
image) of an Artin-Schrcicr sheaf on Tl^\ for future reference we spell this out 
for A = 0. Let S", bo the images under the projection Co ~^ G~ of the 
Iwahori subgroups I, respectively; let N~ ^ C B~ ^ be the unipotent radical. 
Let j : N'^ ^ G'/B' be given by n i-^ nB'; thus j is an open embedding. Let 
tfj : N'- ^ be a non-degenerate character. Define the Whittaker sheaf on G'/B' 

by 

Wh = j^i;*{AS)[dimG'/B'] ^ j^,i;*{AS)[dimG' /B'], 

where AS denotes the Artin-Schreier sheaf. Then Ag* = Vgj is the direct image of 
Wh under the closed embedding io : = G'/ B' ^ Tl. 

One of the main results of [AB] is an equivalence of triangulated categories 

^■.D'^{M)^D\Vasvh)- 

4.1.2. 1-equivariant sheaves. Let Di{J^£) be the I-equivariant derived category of 
Z-adic sheaves on J^i, and Vi C Di{!F£) be the subcategory of perverse sheaves. 
Convolution of cquivariant complexes provides Di [ J-C) with a structure of monoidal 
category, and it provides D^{Vasph) with a structure of a (right) module category;^ 
we denote convolution of complexes e {Vasph), G G Di{^£) hy J^*Q. 

The equivalence $ is obtained as a composition $ = Avi-^^ oF. Here F is a cer- 
tain (monoidal) functor D'^{J\f) D-i{Tt) and Av^- is the functor of "averaging 
against a character" xj;, i.e., Av^- : T i— > Ag* * T. 

We have F(C'a) = J\ where Ja is the Wakimoto sheaf, see [AB], [ABG], [GH] 
and F{V\ O^) = Za is the central s/ieof constructed in [G]. 

Also, it is proved in [AB] that Avi-^^ : Vi — > Vasph, i-e. Avi-^^ is f-exact. 



^Here we use that D'' (Vasph) is identified with a full subcategory in the derived category of 
constructible sheaves on J^t, cf. [AB], Lemma 1. 
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The I orbits in Tl^ also called Schubert cells, are indexed by W\ for w e let 
Sw denote the corresponding Schubert cell, and jw : Sw ^ F£ be the embedding. 
We have J\ GVi, the support of Jx is the closure of Sx, and we have 

supp{Avi- .^{Jx)) = /23\ 

where supp stands for "support", and Ti^ is the closure of . For w gW set 

We will need another simple geometric property of the Wakimoto sheaves. 

Lemma 11. We have ix{Jx) — ^aOai)- 

Proof. It suffices to show that }iom.*{Jx,jw*) = for w e WfX, w ^ X. 
Let Wmax € be the maximal length element of the coset WfX, and scrt wi = 
WmaxW~^- We have w G W/ and i{wiw) — i{wi)+l{w). It follows that *jw* = 
jwmax*- Since the functor T ^ jwi* * is an equivalence (with inverse equivalence 
given hy j^ji * J^), it is enough to check that B.om'{j^^^ * Jx,jw^aa,*) = 0- 

Thus we will be done if we check that the (closure of the) support of * J\ does 
not contain 5itv„„^, . Wc claim that in fact this support coincides with the closure of 
<5uiiA; which clearly does not contain <Sui„„x- To check that supp{jwi* * Jx) = Sw^x 
we check that jwT_* * Ja is a perverse sheaf, and that the Euler characteristic of its 
stalk at a point x gTI equals 1 if a; G Sm^Xi and otherwise. The claim about the 
Euler characteristic is standard. To prove that jwi*Jx is perverse we use a trick due 
to Mirkovic (cf. [AB], Appendix 6.1). Recall that if A = /xi — /Li2, where Aii,At2 G A+, 
then Jx = * i-jU2!- Since wi G Wf, ^ G A"*" we have ^(wi/xi) = i{wi) + iini). 
Thus we have jwi* * ^^a — jwi* * Jin* * 3—ii2\ — jwi^n* * 3—n2\- The convolution 
ju* * jv\ is perverse for any u,v G W, see [AB], Appendix 6.1. □ 

4.1.3. Exotic coherent and perverse constructible sheaves. 

Lemma 12. $(V^) ^ V^^, $(Aa) = A|*. 

Proof. Let D\x{T^asph) (respectively, D\x{'Pasph)) be the subcategory of com- 
plexes supported on J^£'^ (respectively, on J^t^ \ J^£^). In view of (23) we get, by 
induction in A, that 

D\x{T^asph) =< Avi-^^{Jx) >; 

since Avi- ,p{Jx) = <I>(C'a), wc have D\^{Vasph) = ^{D'S.xi-^))'^ ^^'^ similarly with 
< replaced by ^. Thus $(Va) G D^xC^asph)^ n Dt^xi'Pasph), which means that 

$(V^) is supported on J^£'^ and its "shriek" restriction to the boundary of J^£^ 
vanishes. Also we have 

$(Va) S $(Oa) mod D'!,x{Vasph), 

which means that ^(V^)|^£a = ^%-,i/;(>^a)I:f£^ • Thus we are done by (23). □ 

Corollary 4. $ sends the exotic t-structure to the tautological one and ^{Ex) = 
ICf. 

Proof. Compare the definition of the exotic t-structurc with Remark 2. Also 
observe that Ex is the image of the unique (up to a constant) non-zero morphism 
Aa ^ V^, while /Cf is the image of the unique morphism Aa V^^. □ 
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Corollary 5. For I" € D°{M) we have: Horn* ( A a, J^) = 
Hom'(:F,V^)* ^ □ 

4.2. Probenius weights. By a Weil complex on a scheme X defined over Fg we 

will mean an object in the "derived category" of Z-adic sheaves on X^^ equipped 
with an isomorphism Fr* {!F) = .F; a Weil perverse sheaf is a Weil complex, which 
is also a perverse sheaf. By [BBD], Proposition 5.1.2, the category of Weil perverse 
sheaves on X contains the category of perverse sheaves on the scheme over Fg as a 
full subcategory. 

Recall the compatibility of F with Frobenius. Let q : TV" ^ TV" be the mul- 
tipHcation by q map, q : {h,x) ^ {h,qx). Then we have (see [AB], Proposition 

1): 

FoFr* ^cC o F. (24) 

Fix a square root of g, q^/'^ G Qi- Then for e D'^^'^'^{N') the Gm-equivariant 
structure induces an isomorphism of objects in D'^{N): 

q*(:F) ^JT 

(recall that the action of G^ on M is given hy t : {h,x) ^ {b,t^x)). 
By means of (24) we get an isomorphism 

Fr*{F{J'))^F{J^). (25) 
Thus we get a functor F from D'^^'^"^{J\f) to the category of Weil complexes on 

Notice that the choice of q^^^ defines also a square root J- i-^ ^(|) of the functor 
of Tate twist on the category of Weil sheaves (complexes) on an F^-scheme. 

We upgrade the sheaf Ag* = V^t = io*{Wh) (cf. section 4.1.1) to a Weil sheaf 
Al* = V%=io*{Wh) where 

Wh = i.V^*(Ag)[dimG7B-]( ^™^"/^' ) ^ i,^*(^g)[dimG7E-]( '^™^"/^" ). 

It is clear that Ag* is pure of weight zero. 

Then we get a functorial isomorphism Fr* {^{!F)) = <&(.F) for all 
J- g £)GxG„^_X/-^_ particular, for e S'^'"^"' {J\f) the perverse sheaf $(.F) is 
equipped with a Weil structure, thus we get a functor $ from £'^^'^"^[M) to Weil 
perverse sheaves on J^t. 

Let us record the following statement, which is immediate from the definitions. 

Lemma 13. a) For T S £'^^'''^"^{M) we have canonical isomorphisms F{T{n)) = 
F(:r)(-|); $(jr(n)) = $(:r)(-|) (see beginning of section 2.3 for notations), 
h) For e D'^^'^^{M) the Frobenius action on 

Hom*($(.F),$(e?)) = Hom^^(^)(^,a) = Hom^^,,„(^)(.F, g(n)) 

n 

preserves the direct sum decomposition, and equals g""/^ on the n-th summand. □ 

Lemma 14. Set J\,n = F{0\.n). 

Then the Weil perverse sheaf Ja,o is pure of weight zero on the open dense 
stratum in its support. 
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Proof. Let Vx be an irreducible representation of G with extremal weight A. 
Recall from [AB] that Zx = F{Vx ^ Oj^) is the central sheaf introduced in [G]. 
In particular it is a perverse sheaf. The sheaf K\ ® C^y- carries an obvious Gm 
equivariant structure; let Zx — F{Vx ® O j;^) be the corresponding Weil perverse 
sheaf. It follows from the construction of (25) in [AB] that this Weil structure on 
Zx coincides with the Weil structure defined in [G] . 

The Qm equivariant vector bundle Va (8) carries a filtration with associated 
graded 0,/,o, where u runs over weights oiVx- It induces a filtration on Zx with 
subquotient Jufi- Furthermore, it is known (see [AB], [GH]) that Sx is open in the 
support of both Jx and Zx, dense in the support of Jx and does not intersect the 
support of Jv, if is a weight of Vx and v ^ \. It follows that Ja,o|sa — ^>\s\-, 
and it suffices to sec that the sheaf in the right hand side of the latter isomorphism 
has weight zero. This is clear from the construction of Zx in [G]. □ 

We now define Weil perverse sheaves V^^ = $(V^''^^), = $(Aa,5;,), ICx = 
^{Ex,6x) (the number 6x was defined in 1.4). Lemma 12 and Corollary 4 show that 
these are Weil perverse sheaves with underlying sheaves V''', A^, ICx- 

Proposition 10. The Weil sheaves V^j, A|*, ICx are pure complexes of weight 

zero on (the open stratum in their support). 

Proof. It is enough to check the statement about A|* , the rest of the claim follows 
from this. In view of (23), restriction of A|* to the open stratum J^£^ in its support 
is isomorphic to the convolution Ag* * -^a.^a restricted to J^£^. 

The G'o orbit J^i^ fibers over G'/B'; Lemma 11 implies that the sheaf ^^(Ja) 
is (up to shift and twist) the pull-back of the standard sheaf attached to the 5" 
orbit in G'/B' corresponding to G Wf = B'\G'/ B', where is the minimal 
length element such that w^{X) G A+; notice that £{w^) = Sx- In view of Lemma 
14 the claim follows now from the next Lemma. □ 

For w e Wf let i„, : {G'/B')yj ^ G'/B' be the embedding of the corresponding 
B' orbit in G'/B'. 

Lemma 15. For w 6 Wf we have an isomorphism of Weil sheaves 
Wh * ■x^i(^[£{w)]{£{w)/2)) ^ Wh{-£{w)/2). 

Proo£ We have i^^,(Q^[^(ti,i)](%))) * i^^,XM^W2)]{'-^)) ^ 

iw^wAWiwlW2)]C-^^^^)) provided £{wiW2) = £{wi) + £{w2)- Thus it 
is enough to prove the Lemma for w = s a simple reflection. In this case we have 
a short exact sequence of perverse sheaves 

O^Ls^ i,,(Ql[l](l/2)) ^ dei-1/2) ^ 

where is the skyscraper at the iJ'-invariant point, and Lg is the constant sheaf 
(twisted and shifted) on the closure of the orbit (G~ /B~)g = P^. It is easy to see 
that Wh * Ls=Q, and Wh *6e = Wh. The Lemma follows. □ 

We are now ready to express Ext's between coherent sheaves appearing in the 
Positivity Lemma in terms of perverse sheaves. 

Assume that ^a ^ a;A J^£^ is defined over F^. Then for a Weil perverse sheaf 
IF on !F£ the graded vector spaces t*x{T), i^'x{^) carry an action of Frobenius. Let 
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Ca denote the constant by which Frobenius acts on the one dimensional vector 
space L.*^{A'j^)[—d\\{—^), where dx = dimTi^. Proposition 10 shows that Ca is an 
algebraic mimber all of whose conjugates have absolute value one (in fact, it is easy 
to see that (\ is a root of unity; we will not use this fact). Let '■a(-^)[^^ 
denote the q"^^^C\ eigenspace in the n-th cohoniology space of the corresponding 
(co)stalk. 

Corollary 6. We have canonical isomorphisms 

Proof. The (co)stalk il{J^), of an object g D^(Vasph) 

can be expressed 

in terms of Hem to (from) a (co)standard sheaf, see (22). Taking into account the 
action of Frobenius, we see that if € D^{Vasph) is equipped with a Weil structure, 
then 



Hom^(^,V^,(-|)) 



Fr 



~ .* /'-r■^("~<iA) 



We plug in ^ = IC^^ = ^{E^^g^); the claim follows then from Lemma 13. □ 

Remark 9. The content of the Corollary can be summarized as follows. The graded 
components in the Ext spaces between irreducible exotic sheaves and (co) standard 
sheaves can be expressed using weight components of the (co)stalks of irreducible 
Iwahori-Whittaker sheaves. Notice shifts by ^Aj which come from the following 
three facts: 

• a Wakimoto sheaf Jx is standard (extension by zero from a cell) along the 
generic fiber of the projection from its support to the afSne Grassmannian 

(Lemma 11); 

• dimension of this generic fiber equals Sx (see the proof of Proposition 10); 

• the skyscraper sheaf at the zero-dimensional Schubert cell in G~ /B" enters 

the Jordan-Holder series of the extension by zero of a weight zero sheaf on 
a d-dimensional Schubert cell with weight —2d (Lemma 15). 

This shift by 5x matches the homological shift by 5x appearing in section 3 
(see Theorem 3 and section 3.3); the latter is related to the homological shift 
arising in the weak Borel-Weil Theorem (cf. the usual Borel-Weil Theorem, which 
implies that, over a field of characteristic zero, RT{G/B, 0(lX)) is concentrated in 
homological degree 5x for I larger than the Coxeter number). 

4.3. Proof of the Positivity Lemma. By Proposition 10, /C^j^r^f is pure of 
weight zero. Hence IC^ is pure of weight zero by [BED], Corollary 5.4.3. Thus 

the right hand side of the first (respectively, second) isomorphism in Corollary 6 
vanishes for i > n (respectively, —i < n) by the definition of a pure complex (cf., 
e.g., [BBD], Corollary 5.1.9). □ 
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